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Abstract
Recent results of the author prove the existence of bijections of certain sets of irreducible characters
which satisfy many nice properties. In particular, these correspondences imply a strengthened version of the
McKay Conjecture for solvable finite groups which takes into account fields of values and Schur indices.
In the present paper, we prove that these correspondences have also the additional property that the degree
of the corresponding character divides the degree of the original character, and we say something about the
quotient as well.
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1. Introduction
Character correspondences play an important role in the representation theory of finite groups.
An important question is whether or not any such correspondence can be set up in such a way that
the degree of the corresponding character always divides the degree of the original character. In
the case of the Glauberman correspondence, the answer is almost yes. Indeed, in [1], we proved
that this divisibility condition would follow from the same condition on finite simple groups. We
went further, and proved that this divisibility for simple groups would follow from the Deligne–
Lusztig Theory as soon as some very mild condition on the Green functions were satisfied. This
condition on the Green functions is true for all the Green functions that have been calculated up
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A. Turull / Journal of Algebra 307 (2007) 300–305 301to now (which is almost all of them). The character degree divisibility in the Glauberman cor-
respondence follows, for example, if the remaining Green functions are polynomials in q . Even
though I have seen statements to the effect that the Green functions are necessarily polynomials
in q , I have not seen a proof of this that I could follow. There remains to calculate explicitly a
few Green functions for some exceptional groups in bad characteristic, but nobody expects them
to be dramatically different from the others. Hence, my statement above that the answer to the
character degree divisibility in the Glauberman correspondence is almost yes.
The McKay Conjecture is closely connected to the Glauberman correspondence. In [4], we
conjecture that the correspondence implied by the McKay Conjecture can be assumed to satisfy
some extra conditions involving the fields of values over the p-adic numbers, and the local Schur
indices. In [5,6], we prove that a much stronger version of the conjecture is true for solvable
groups, and an even stronger version holds when there is some oddness condition satisfied by the
group. In the present paper, we prove that, for solvable groups, the character correspondence for
the McKay Conjecture can be taken to satisfy in addition to the previous properties, the condition
that the degree of the corresponding character always divides the degree of the original character.
Notation 1.1. Let G be a finite group and let p be a prime number. Then we denote by Irr(G)
the set of all the irreducible (complex) characters of G, and we use the notation
Irrp′(G) =
{
χ ∈ Irr(G): p  χ(1)}
for the set of all the irreducible characters of degree not divisible by p.
If F is a field, we denote by F(χ) the field F extended by all the values of χ , by Br(F (χ))
the Brauer group of this field, and by [χ] the element of this Brauer group associated with χ .
We denote by F¯ the algebraic closure of a field F . Our Main Theorem proves the existence of a
bijection preserving extra information for all the finite solvable groups.
Main Theorem. Let p be a prime number, let F be a field of characteristic zero, let G be a finite
solvable group and let P be a Sylow p-subgroup of G. If both |NG(P )| and [G : NG(P )] are
even, make the further assumption that F contains the intersection Qp ∩ Q(ζ2∞) of the p-adic
field Qp and the field Q(ζ2∞) of the rational numbers extended by every root of unity whose
order is a power of 2. Then there exists a bijection
f : Irrp′(G) → Irrp′
(
NG(P )
)
satisfying all of the following conditions:
(1) For every χ ∈ Irrp′(G), there is some  ∈ {1,−1} such that χ(1) ≡ f (χ)(1) (mod p).
(2) f commutes with the action of Gal(F¯ /F ), so, in particular, F(χ) = F(f (χ)) for every
χ ∈ Irrp′(G).
(3) For every χ ∈ Irrp′(G), we have [f (χ)] = [χ] ∈ Br(F (χ)), so that f (χ) and χ have the
same Schur index over every field containing F .
(4) For every χ ∈ Irrp′(G), we have that f (χ)(1) divides χ(1), and that χ(1)/f (χ)(1) divides
[G : NG(P )].
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present paper, we prove that such a bijection can be also taken to satisfy, in addition, the two
divisibility conditions of Condition (4).
Such a precise bijection does not always exist for non-solvable groups. Even more, there
exist non-solvable groups for which the bijection of the McKay Conjecture cannot be taken to
satisfy even the character degree divisibility condition alone. Indeed, the semidirect product of
the alternating group A5 with the non-trivial irreducible submodule of its natural permutation
module over F2 is a perfect group of order 60 · 24 whose irreducible characters of degree prime
to 3 for the group, and for the normalizer of a Sylow 3-subgroup, have degrees, respectively,
1,4,5,5,5,5,10,10,20 and 1,1,1,1,2,2,2,2,2.
Even the second part of Condition (4) by itself cannot hold in general in the following sense.
The condition that χ(1)/f (χ)(1) divides [G : NG(P )] is equivalent to the codegree divisibility
condition, namely that |NG(P )|/f (χ)(1) divides |G|/χ(1). Already, for G = A5, the alternating
group of degree 5, and p = 2, there does not exist a McKay bijection satisfying the codegree
divisibility condition.
In [5,6], the existence of a number of related character bijections is shown. It follows from
the arguments of the present paper, that, when the ambient group G is solvable, each of these
character bijections can be taken to satisfy, in addition, Condition (4) of our Main Theorem, in
an appropriate sense. We do not rewrite explicitly here all these extended results, and we content
ourselves to point out what changes need to be made to the proofs in [5,6] to obtain these stronger
results.
2. Proofs
The proof uses the divisibility of the number of Sylow p-subgroups in a solvable group by
the same number for a subgroup, a theorem of Navarro [2], see also [3]. We denote by νp(G) the
number of Sylow p-subgroups of a group G. In order to prove our Main Theorem, we need to
prove a relative version of it. We need the following definition for its statement.
Definition 2.1. Let G be a finite group, N G, let φ ∈ Irr(N), and suppose that F is a field of
characteristic zero. We denote by Irr(G;φ,F ) the set of all irreducible characters of G such that
their restriction to N contains at least one irreducible character which is Galois conjugate over
F to φ. In other words:
Irr(G;φ,F ) = {χ ∈ Irr(G): for some σ ∈ Gal(F¯ /F ),
we have
(
ResGN(χ),σφ
)
> 0
}
.
We use Irrp′(G;φ,F ) to mean the elements of Irr(G;φ,F ) whose degree is prime to p.
Theorem 2.2. Let p be a prime number, let F be a field of characteristic zero, let G be a finite
group and let P be a Sylow p-subgroup of G. We set N = NG(P ). Let LG, and suppose that
φ ∈ IrrP (L). Suppose that G/L is solvable. If both p is odd and [G : NL] is even, make the
further assumption that F contains the intersection Qp ∩ Q(ζ2∞) of the p-adic field Qp and the
field Q(ζ2∞) of the rational numbers extended by every root of unity whose order is a power of 2.
Then there exists a bijection
f : Irrp′(G;φ,F ) → Irrp′(NL;φ,F )
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(1) For every χ ∈ Irrp′(G;φ,F ), there is some  ∈ {1,−1} such that χ(1) ≡ f (χ)(1) (mod p).
(2) f commutes with the action of Gal(F¯ /F ), so, in particular, F(χ) = F(f (χ)) for every
χ ∈ Irrp′(G;φ,F ).
(3) For every χ ∈ Irrp′(G;φ,F ), we have [f (χ)] = [χ] ∈ Br(F (χ)), so that f (χ) and χ have
the same Schur index over every field containing F .
(4) For every χ ∈ Irrp′(G), we have that f (χ)(1) divides χ(1), and that χ(1)/f (χ)(1) divides
[G : NL].
Proof. This theorem is a refinement of [5, Theorem 4.5]. The proof proceeds as in [5, Theo-
rem 4.5]. Most of the details of the proof of [5, Theorem 4.5] have to do with rationality issues,
elements of the Brauer group, and with Schur indices. We indicate here only what changes need
to be made to obtain our present result. We follow the same steps as in the original proof, and we
only discuss here the extra arguments needed to obtain Condition (4). The proof assumes that the
theorem is false, and among all counterexamples, picks one with [G : L] as small as possible. It
is split into a sequence of steps.
Step 1. For each g ∈ G, the conjugate character φg is Galois conjugate over F to φ.
Proof. We let
T = {g ∈ G: φg is Galois conjugate over F to φ},
and assume G = T . The original argument shows that the minimality of our counterexample
implies that there exists some bijection
f : Irrp′(T ;φ,F ) → Irrp′
(
(T ∩ N)L;φ,F )
satisfying all of the conditions of the theorem. It further shows that we have two bijections
IndGT : Irr(T ;φ,F ) → Irr(G;φ,F ), (1)
IndNL(T ∩N)L : Irr
(
(T ∩ N)L;φ,F )→ Irr(NL;φ,F ) (2)
satisfying all the conditions of [5, Lemma 4.3]. By the original argument, the composition
IndNL(T ∩N)L f
(
IndGT
)−1
: Irrp′(G;φ,F ) → Irrp′(NL;φ,F )
is a bijection satisfying all the conditions of the theorem, except, possibly, (4).
By the Frattini argument, we have that NL/L is the normalizer of a Sylow p-subgroup
of G/L, and that (T ∩ N)L/L is the normalizer of a Sylow p-subgroup of T/L. Hence,
[G : NL] = νp(G/L), and, [T : (T ∩ N)L] = νp(T /L). Since G/L is solvable, by Navarro’s
Theorem [2], see also [3], we have that [T : (T ∩ N)L] divides [G : NL].
Let now χ ∈ Irrp′(G), let ψ = (IndGT )−1(χ), and let
θ = IndNL(T ∩N)L f
(
IndGT
)−1
(χ).
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ψ(1)/f (ψ)(1) divides [T : (T ∩ N)L]. Now, θ(1) = [NL : (T ∩ N)L]f (ψ)(1). Hence,
χ(1)
θ(1)
= [G : T ][NL : (T ∩ N)L]
ψ(1)
f (ψ)(1)
.
By the above, this is now a product of two integers, hence, an integer. Furthermore, since the
second integer in the product divides [T : (T ∩N)L], it follows that χ(1)/θ(1) divides [G : NL],
completing the proof of Step 1. 
The next two steps are proved as in [5, Theorem 4.5].
Step 2. Suppose L < K G. Then, KN = G.
Step 3. Set V = LN . Then ⋂g∈G V g = L. Furthermore, there exists a normal subgroup K of G
such that K ∩ V = L, K/L is an abelian G-chief factor, CK/L(P ) = 1, and IrrP (K,φ) contains
a single element, say IrrP (K,φ) = {θ}. Finally, F(θ) = F(φ) and ResKL (θ) is a multiple of φ.
The proof of the next step needs a little extra checking on character degrees divisibility.
Step 4. The group G acts by Galois automorphisms on F(θ) and we let F1 be the fixed field of
this action. Then [[φ]] ∈ Clif(V/L,F1) and [[θ ]] ∈ Clif(G/K,F1). Furthermore, there is a natural
isomorphism V/L 	 G/K , but [[φ]] and [[θ ]] are not identified under this isomorphism.
Proof. By the original argument, we obtain a bijection
f : Irrp′(G;φ,F ) → Irrp′(V ;φ,F )
satisfying the conditions of the theorem, except possibly (4). Furthermore, for every χ ∈ Irrp′(G),
we have that χ(1)/f (χ)(1) = θ(1)/φ(1). By Step 3, we have that θ(1)/φ(1) is an integer divisor
of |K/L|. Since by Steps 2 and 3, [G : NL] = |K/L|, it follows that (4) holds as well. The
existence of f above contradicts the fact that we have a counterexample to the theorem, and
completes the proof of the step. 
The rest of the proof the theorem then just proceeds as the original. 
The theorem we just proved, implies that, if we impose the condition that G/L is solvable, we
may add Condition (4) to the correspondences in [5]. In a similar way, one may add Condition (4)
to the correspondences described in [6]. Combining the enhanced main theorems of each paper,
we obtain our Main Theorem.
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